The fluctuational propagation of solitons (magnetic fluxons) in long Josephson junctions is studied both numerically and analytically. It is demonstrated that operation in conditions where solitons are subjected to Lorentz contraction for a significant part of the junctions length leads to drastic suppression of thermal jitter at the output junction end. Specifically, for large-to-critical damping and small values of bias current, the physically obvious dependence of the jitter versus length $ ffiffiffi ffi L p is confirmed, while for small damping starting from the experimentally relevant ¼ 0:1 and below, strong deviation from $ ffiffiffi ffi L p is observed, up to nearly complete independence of the jitter versus length, which is supported by the obtained theory.
The fluctuational propagation of solitons (magnetic fluxons) in long Josephson junctions is studied both numerically and analytically. It is demonstrated that operation in conditions where solitons are subjected to Lorentz contraction for a significant part of the junctions length leads to drastic suppression of thermal jitter at the output junction end. Specifically, for large-to-critical damping and small values of bias current, the physically obvious dependence of the jitter versus length $ ffiffiffi ffi L p is confirmed, while for small damping starting from the experimentally relevant ¼ 0:1 and below, strong deviation from $ ffiffiffi ffi L p is observed, up to nearly complete independence of the jitter versus length, which is supported by the obtained theory. The solitons, contracting during their propagation, occur naturally in a wide variety of solids and fluids, from macroscopic to microscopic scales, such as, e.g., ultrashort light pulses in nonlinear active media [1, 2] , solitons in a shallow water [3] , magnetic fluxons in long Josephson junctions [4] . During transfer, the solitons are perturbed by various fluctuations, affecting their dynamics. Fluctuations restrict useful properties of electronic devices, such as the sensitivity of detectors and receivers. However, to our knowledge, the effect of the nonstationary soliton dynamics on fluctuations in systems has not been studied, in particular due to technical complexity to perform the corresponding measurements: the study of the jitter of the light pulses is restricted by the sensitivity of the existing equipment, while it is difficult to collect proper statistics studying the dynamics of nonlinear waves in shallow water. To this respect, the Josephson junctions serve as an ideal object to study, because there are techniques to create identical magnetic fluxons and the existing equipment allows us to measure the jitter in Josephson electronic devices [5] . Besides, in recent years superconducting circuits have attracted considerable interest as promising devices for quantum computations [6] [7] [8] [9] . The advantage of superconducting circuits in comparison with other types of qubits is the possibility of combining both the qubits and the readout electronics in one chip, which is very promising, because it allows the elimination of expensive external readout equipment as well as minimization of parasitic capacitances and inductances, affecting the readout pulses. Recently [10] a suggestion has been made to use for the readout the well-elaborated rapid single flux quantum (RSFQ) devices, redesigned in a special way. Here the main idea is the ballistic propagation of magnetic fluxons along two separated Josephson transmission lines (JTLs) [10] [11] [12] [13] , consisting of either one long or a series of short junctions having weak damping (see Fig. 1 ). If one JTL is inductively coupled to the qubit, the magnetic field of the qubit will change the speed of the fluxon (soliton), traveling from one end of the JTL to the other, and will thus change the fluxon transmission time. This difference of fluxon transmission times in two JTLs can be effectively measured using the existing RSFQ circuitry [single flux quantum (SFQ) receiver in Fig. 1 ], while the proper fluxons can be produced in the SFQ driver.
It is obvious that by increasing the JTL length, the precision of the time difference measurement can be improved. However, different types of fluctuations restrict the readout precision because they lead to the jitter of traveling fluxons. The importance of studying jitter in Josephson junctions was first understood in Ref. [14] . Later, jitter in short junctions has been studied both analytically and numerically [15] [16] [17] [18] . However, as has been understood and experimentally verified [5] , for a series of junctions the jitter increases as $ ffiffiffiffi N p , where N is the number of junctions. Therefore, for JTLs the jitter must increase as
(where L is the JTL length), which is assumed to be a fundamental limitation due to broadband fluctuations. However, to our knowledge, except for the theory of Ref. [12] , the jitter in underdamped JTLs and long Josephson junctions has not been studied either theoretically or experimentally. The experimental results devoted to RSFQ [5] cannot be directly applied as they are obtained for critically damped junctions rather than for 
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Here we demonstrate that the fundamental limitation $ ffiffiffi ffi L p can be overcome at certain conditions. In this Letter, we restrict ourselves by a classical model of fluxons, in which thermal fluctuations of the current noise are dominant and neglected by various quantum effects of soliton dynamics [19, 20] .
Let us consider the long Josephson tunnel junction (JTJ) in the frame of the sine-Gordon equation
where indices t and x denote temporal and spatial derivatives. Space and time are normalized to the Josephson penetration length J and to the inverse plasma frequency
c is the critical current, C is the JTJ capacitance, R N is the normal state resistance, i is the dc overlap bias current density, normalized to the critical current density J c , and i f ðx; tÞ is the fluctuational current density. If the critical current density is fixed and the fluctuations are treated as white Gaussian noise with zero mean, its correlation function is hi f ðx; tÞi f ðx 0 ; t 0 Þi ¼ 2ðx À x 0 Þðt À t 0 Þ, where ¼ I T =ðJ c J Þ is the dimensionless noise intensity [21] , I T ¼ 2ekT=@ is the thermal current, e is the electron charge, @ is the Planck constant, k is the Boltzmann constant, and T is the temperature.
The boundary conditions that describe coupling to the environment have the form [22] :
ðL; tÞ x þ r R c R ðL; tÞ xt þ c R ðL; tÞ tt ¼ À:
Here À ¼ 0 is the normalized magnetic field, and L is the dimensionless length of JTJ. The terms with the dimensionless capacitances and resistances, c L;R and r L;R , are the RC load of a JTJ placed at the left (input) and at the right (output) ends, respectively. For simplicity, we assume that the bias current density is uniformly distributed along the space iðxÞ ¼ const. As initial condition, a kink ðx; tÞ ¼ 4 arctan½expðx À x 0 Þ inside the junction is taken (for x 0 ¼ 5). Temporal and spatial intervals are chosen Át ¼ Áx ¼ 0:01, and it has been verified that further decrease in the steps does not change the results. Two values of RC load were tested: a mismatched case where simple boundary conditions dðx ¼ 0Þ=dx ¼ dðx ¼ LÞ=dx ¼ 0 were used, and a perfectly matched case
Because the results are nearly the same, the curves for the perfectly matched case (to suppress reflected waves from the junction ends, as required in experiments) are shown.
Two definitions of the fluxon traveling time and the jitter are used. One is the usual mean first passage time of the boundary, where the random time at which the soliton hits the right junction end is computed and then the mean value and the standard deviation are calculated by averaging over 1000 realizations. Another definition is based on the notion of the integral relaxation time [21, 23] : if the probability of finding the soliton inside the junction is computed PðtÞ ¼ R L 0 Wðx; tÞdx, the mean traveling time and the standard deviation (jitter) are
wðtÞ ¼ @PðtÞ @t½Pð1Þ À Pð0Þ :
In the limit of small noise 0:1 both definitions give the same results within the calculation precision [23] .
In Fig. 2 the plots of the jitter versus JTL length are shown for various values of damping and bias current i, and for noise intensity ¼ 0:001.
While the two upper curves are well fitted by ffiffiffi ffi L p dependence, one can see that by variation of damping and bias current i it is possible to suppress the growing of jitter with length to ffiffiffi ffi L 4 p law and for some parameters (e.g., ¼ 0:01 and i ¼ 0:3) jitter is even nearly independent of L, which is the main and quite surprising result of this Letter. The tendency is such that for a fixed one needs to increase i to weaken the ðLÞ dependence or if the bias current is fixed the same effect appears with decrease of .
In order to understand the origin of the observed result, it is helpful to consider the evolution of the soliton shape HðxÞ ¼ dðxÞ=dx, plotted at different instants of time. In 
087003-2 e.g., Fig. 3 for i ¼ 0:1 and ¼ 0:03), soliton acceleration and its Lorentz contraction lead to weaker dependence of jitter on the junction length. Considering this as the main explanation for violation of $ ffiffiffi ffi L p dependence of the jitter, we performed analytical analysis which allowed us to obtain a general expression for , describing its dependence on length in a broad range of junction parameters. The only theory known so far [12] does not take into account the nonstationarity of the fluxon dynamics and therefore does not describe the observed effect.
Starting from Eq. (1), one can write the equation for the momentum pðtÞ ¼ À 1 8 R þ1 À1 x t dx of the center of the soliton [4] taking account of the effect of noise [24] 
where
, vðtÞ is the fluxon velocity, and the noise intensity hðtÞðt 0 Þi ¼ ð=
p Þðt À t 0 Þ with the same as in Eq. (1). Directly from Eq. (5), neglecting the effect of noise, one can derive the expression for the fluxon velocity vðtÞ for vðt ¼ 0Þ ¼ 0
From Eq. (5) one can derive the following equation for the location of the center of the fluxon XðtÞ
where € XðtÞ and _ XðtÞ stand for temporal derivatives. This equation is too complex to be solved analytically; therefore, we will use the following approximations. First, let us neglect the random component of velocity (which can be done in the limit of small noise), so vðtÞ is described by Eq. (6). Second, let us also neglect the term ð1 À v 2 Þ (which leads to effective decrease of damping) in front of the first temporal derivative _ XðtÞ. Then Eq. (7) transforms into the equation of massive Brownian particles, but with the noise intensity, depending on time. This Brownian diffusion is described by the Gaussian probability density, since the noise ðtÞ is Gaussian. Therefore, one can use the approach described in chapters 1 and 3 of Ref. [25] , and can get the following expression for the variance DðtÞ of the process XðtÞ, taking into account the nonstationarity of the noise intensity
where vðyÞ is given by Eq. (6). Analogically, the mean mðtÞ of XðtÞ can be derived [with Xðt ¼ 0Þ
By substituting the mean and the variance into the Gaussian probability distribution one can obtain the probability of finding the soliton inside the junction Let us perform calculations for fixed small value of damping ¼ 0:01 and for various bias current values (see Fig. 4 ). It is seen that for small values of bias current the dependence $ ffiffiffi ffi L p is maintained, while for larger values starting from i ¼ 0:01 the deviation is observed. It should be noted, however, that one must think about the thermal budget of both qubits and the readout electronics, trying to decrease the total heat, because usually cryostats have rather low thermal power at low temperatures. Nevertheless, the bias current values of order i ¼ 0:01, at which the deviation from the dependence $ ffiffiffi ffi L p is observed, seem to be rather low to maintain low heat emission. It is known that with decreasing the temperature of the JTL from 4 K to 50 mK the damping decreases by one order of magnitude [13] . This allows operating with even smaller bias currents (see Fig. 4 , curve with crosses) keeping the same order of jitter.
The main quantity of interest is the noise-to-signal ratio, which is the ratio between the jitter and the difference Á between the traveling times of solitons in two JTLs, see Fig. 1 . While the calculation of Á is out of the scope of this Letter, we can estimate it as Á % 0:1, where is the traveling time in the reference line, not connected to a qubit. In fact, Á must be smaller than 0:1 to minimize the back action of the detector on a qubit, but let us take this value as a rough estimate. Computing the ratio =Á, we should note that the dependence of the curve is changing from 1= ffiffiffi ffi L p for ¼ 0:001, i ¼ 0:002 to 1=L for ¼ 0:01, i ¼ 0:3. It is important to mention that for L ¼ 100 and ¼ 0:001, i ¼ 0:002, the readout error =Á becomes comparable with 0.1, which for a Gaussian variable is on the border of an acceptable level [26] , while for ¼ 0:01, i ¼ 0:3 the error decreases by two orders of magnitude, allowing us to resolve even the Á % 0:001 time difference. Obviously, the readout error will never vanish due to jitter of the SFQ driver and receiver, as well as due to jitter coming from the technological inhomogeneity of the JTL. Nevertheless, the obtained results are exciting from a fundamental point of view, but also intriguing from the point of view of possible applications, because they allow the readout error suppression by increasing the JTL length.
In conclusion, the thermal jitter of transmission of magnetic fluxons in long Josephson junctions is studied. While for large-to-critical damping and small values of bias current the known dependence of the jitter versus length $ ffiffiffi ffi L p is confirmed, for smaller damping the strong deviation from $ ffiffiffi ffi L p is observed, up to nearly complete independence of the jitter versus length, which is explained by Lorentz contraction of solitons and supported by the obtained theory.
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